Some paradoxes in quantum mechanics arising from coordinate transformations are presented.
One Particle Paradoxes
Consider a frame of reference with coordinates r , t rotating with angular velocity ω = ωk with respect to a frame with coordinates r , t . Let the frame with coordinates r , t move with constant velocity v = vi with respect to a frame with coordinates r, t. The coordinates r , t and r, t are related by x = (x − vt) cos ωt + y sin ωt y = −(x − vt) sin ωt + y cos ωt (1) z = z t = t Let ψ (r , t ) be the wave function in the rotating frame of a particle with mass m moving in a field of force with potential V (r , t ). The Lagrangian L in the rotating frame is ( [1] )
when inertial forces are taken into account. Construct the Hamiltonian from L . The wave function ψ (r , t ) then satisfies the Schrödinger equation
or on using (1)
Let ψ(r, t) be the wave function in the stationary frame. Since probability densities in the two frames are equal we must have
Consequently there is a real valued function β(r, t) such that
Substituting this in (4) and since ψ(r, t) satisfies the Schrödinger equation
where V (r , t ) = V (r, t) we have
We have that
where α is a constant is a solution of (8). It can be shown on the support of ψ that any other solution differs from (9) by a constant. We now present a one particle paradox. Consider a frame of reference with coordinates r , t moving with respect to a stationary frame with coordinates r, t. For ωv > 0 let the coordinates be related by
where v(r) is ω(−yi + xj) for points in the set S and vi otherwise where S is the set of points such that x 2 + (y + 2R) 2 < R 2 . So for points in S the moving frame rotates about the origin with angular velocity ωk and for other points the moving frame moves with velocity vi with respect to the stationary frame. Let ψ (r , t ) be the wave function in the moving frame and ψ(r, t) the wave function in the stationary frame. Define β as in (6). Since ψ and ψ are continuous everywhere so is β. By (9) β is constant on S and has form (9) for other points. β will then not be continuous on the boundary of S.
We now present another one particle paradox. The Lagrangian of a particle with charge q and mass m in a electromagnetic field is ([1])
Consider a charged particle in a constant electric field Ek. In a frame moving with velocity vi with respect to the stationary frame the potentials to first order in v/c are (
Construct the Hamiltonian from L. The Schrödinger equation in the moving frame is
Following the same procedure that was used to arrive at (8) we have The electric field and ψ have continuous derivatives of all orders so must β. Consequently β xz = β zx contradicting (16).
Two Particle Paradox
Consider two distinct free particles of mass m 1 , m 2 on M × S 1 where M is a manifold and S 1 a circle. As coordinates we can use q 1 , q 2 , θ 1 , θ 2 where q 1 is the coordinate of particle 1 on M and θ 1 the coordinate of particle 1 on S 1 and similarly q 2 , θ 2 for particle 2. We can also use coordinates q 1 , q 2 , Θ, θ where
and
where 2πR is the distance around S 1 . We have by (17) for the Hamiltonian H
where ∇ 2 1 is the Laplacian of particle 1 on M and ∇ 2 2 is the Laplacian of particle 2 on M . Consider an eigenfunction of H of the form ψ(q 1 , q 2 )φ(θ 1 , θ 2 ) so
Consequently
Eigenfunctions are single valued so
as a result
Now consider an eigenfunction of H of the form ψ(q 1 , q 2 )Φ(Θ, θ) so
Consequently we have (20) and
2(
Eigenfunctions are single valued so Φ(Θ + 2π, θ) = Φ(Θ, θ + 2π) = Φ(Θ, θ)
Consequently E ∈ S Θθ ≡ m 2 2 2(I 1 + I 2 ) + n 2 2 2(
however we expect the eigenvalues to be independent of coordinates so S Θθ should equal S θ 1 θ 2 . In the limit R → ∞, S Θθ and S θ 1 θ 2 are equal to the positive real line.
